Abstract. In this work, we investigated the electroweak vacuum instability during or after inflation. In the inflationary Universe, i.e., de Sitter space, the vacuum field fluctuations δφ 2 enlarge in proportion to the Hubble scale H 2 . Therefore, the large inflationary vacuum fluctuations of the Higgs field δφ 2 are potentially catastrophic to trigger the vacuum transition to the negative-energy Planck-scale vacuum state and cause an immediate collapse of the Universe. However, the vacuum field fluctuations δφ 2 , i.e., the vacuum expectation values have an ultraviolet divergence, and therefore a renormalization is necessary to estimate the physical effects of the vacuum transition. Thus, in this paper, we revisit the electroweak vacuum instability from the perspective of quantum field theory (QFT) in curved space-time, and discuss the dynamical behavior of the homogeneous Higgs field φ determined by the effective potential V eff (φ) in curved space-time and the renormalized vacuum fluctuations δφ 2 ren via adiabatic regularization and point-splitting regularization. We simply suppose that the Higgs field only couples the gravity via the non-minimal Higgs-gravity coupling ξ(µ). In this scenario, the electroweak vacuum stability is inevitably threatened by the dynamical behavior of the homogeneous Higgs field φ, or the formations of AdS domains or bubbles unless the Hubble scale is small enough H < Λ I .
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Introduction
The recent measurements of the Higgs boson mass m h = 125.09 ± 0.21 (stat) ± 0.11 (syst) GeV [1] [2] [3] [4] and the top quark mass m t = 173.34 ± 0.27 (stat) GeV [5] suggest that the current electroweak vacuum state of the Universe is not stable, and finally cause a catastrophic vacuum decay through quantum tunneling [6] [7] [8] although the cosmological timescale for the quantum tunneling decay is longer than the age of the Universe [9] [10] [11] [12] . In de Sitter space, especially the inflationary Universe, however, the curved background enlarges the vacuum field fluctuations δφ 2 in proportion to the Hubble scale H 2 . Therefore, if the large inflationary vacuum fluctuations δφ 2 of the Higgs field overcomes the barrier of the standard model Higgs effective potential V eff (φ), it triggers off a catastrophic vacuum transition to the negative Planck-energy true vacuum and cause an immediate collapse of the Universe [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
The vacuum field fluctuations δφ 2 , i.e., the vacuum expectation values are formally given by
where ∆ 2 δφ (η, k) is defined as the power spectrum of quantum vacuum fluctuations. As well-known facts in quantum field theory (QFT), the vacuum expectation values δφ 2 have an ultraviolet divergence (quadratic or logarithmic) and therefore a regularization is necessary. The quadratic divergence corresponds to the normal contribution from the fluctuations of the vacuum in Minkowski space, and it can be eliminated by standard renormalization in flat spacetime. The logarithmic divergence, however, appears as a consequence of the expansion of the Universe, and has the physical contributions to the origin of the primordial perturbations or the backreaction of the inflaton field. We usually eliminate this logarithmic ultraviolet divergence by simply neglecting the modes with k > aH. That corresponds to the stochastic Fokker-Planck (FP) equation, which treats the inflationary field fluctuations generally originating from long wave modes, i.e., the IR parts [27] . Recent works [22] [23] [24] [25] [26] for the electroweak vacuum stability during inflation based on the stochastic Fokker-Planck (FP) equation. However, from the viewpoint of QFT, we must treat carefully short wave modes as well as long wave modes [28, 29] and it is necessary to renormalize the vacuum expectation values δφ 2 in the curved space-time in order to obtain exact physical contributions [30, 31] .
Thus, in this paper, we revisit the electroweak vacuum instability from the legitimate perspective of QFT in curved space-time. In the first part of this paper, we derive the one-loop Higgs effective potential in curved space-time via the adiabatic expansion method. In the second part, we discuss the renormalized field vacuum fluctuations δφ 2 in de Sitter space by using adiabatic regularization and point-splitting regularization. In the third part, we investigate the electroweak vacuum instability during or after inflation from the global and homogeneous Higgs field φ, and the renormalized vacuum fluctuations δφ 2 ren corresponding to the local and inhomogeneous Higgs field fluctuations. The behavior of the homogeneous Higgs field φ is determined by the effective potential V eff (φ) in curved space-time, and then, the excursion of the homogeneous Higgs field φ to the negative Planck-energy vacuum state can terminate inflation and triggers off a catastrophic collapse of the Universe. The local and inhomogeneous Higgs fluctuations described by δφ 2 ren generate catastrophic Anti-de Sitter (AdS) domains or bubbles and finally cause a vacuum transition. In this work, we improve our previous work [25] , provide a comprehensive study of the phenomenon and reach new conclusions. In addition, we persist in the zero-temperature field theory, leaving the generalization to the finite-temperature case and discussion of the thermal History of the metastable Universe for a forthcoming work. This paper is organized as follows. In Section 2 we derive the Higgs effective potential in curved space-time by using the adiabatic expansion method. In Section 3 we discuss the problem of renormalization to the vacuum fluctuations in de Sitter space by using adiabatic regularization. In Section 4 we consider the renormalized vacuum fluctuations via point-splitting regularization and show that the renormalized expectation values via point-splitting regularization is consistent with the previous results via adiabatic regularization. In Section 5 we discuss the behavior of the global Higgs field φ and the vacuum transitions via the renormalized Higgs field vacuum fluctuations δφ 2 ren , and investigate the electroweak vacuum instability during inflation or after inflation. Finally, in Section 6 we draw the conclusion of our work.
2 Higgs effective potential in curved space-time via adiabatic expansion method
The behavior of the homogeneous Higgs field φ on the entire Universe is determined by the effective potential V eff (φ) in curved space-time. In this section, we review the standard derivation of the one-loop effective potential in curved space-time via the adiabatic expansion method [32] [33] [34] [35] [36] , and then, show how the effective potential V eff (φ) of curved space-time is changed from the Minkowski space-time, where we use the notations and the conventions of Ref. [32, 33] . For simplicity, we consider a flat Robertson-Walker background not including metric perturbations. Thus, the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric is given by
where a = a (t) is the scale factor with the cosmic time t and K is the curvature parameter, where positive, zero, and negative values correspond to closed, flat, and hyperbolic space-time, respectively. For the spatially flat Universe, we take K = 0. Then, the scalar curvature is obtained as
where the conformal time η has been introduced and is defined by dη = dt/a. In the de Sitter space-time, the scale factor becomes a (t) = e Ht or a (η) = −1/Hη, the scalar curvature is estimated to be R = 12H 2 in the de Sitter Universe. The action for the Higgs field with the potential V (φ) in curved space-time is given by
where we assume the simple form for the Higgs potential as
Thus, the Klein-Gordon equation for the Higgs field are given by
where denotes the generally covariant d'Alembertian operator,
and ξ is the non-minimal Higgs-gravity coupling constant. There are two popular choices for ξ, i.e., minimal coupling (ξ = 0) and conformal coupling (ξ = 1/6), which is conformally invariant in the massless limit. However, the nonminimal Higgs-gravity coupling ξ is inevitably generated through the loop corrections.
In the quantum field theory, we treat the Higgs field φ (η, x) as the operator acting on the states. We assume that the vacuum expectation value of the Higgs field is φ (η) = 0| φ (η, x) |0 . In this case, the Higgs field φ (η, x) can be decomposed into a classic component and a quantum component as
where 0| δφ (η, x) |0 = 0. In the one-loop approximation, we can obtain the following equations 8) where the mass of the quantum field δφ is written by
The quantum field δφ is decomposed into each k mode,
where
with C (η) = a 2 (η). Thus, the Higgs field vacuum fluctuations δφ 2 , i.e., the expectation field values can be written as
where δφ 2 has an ultraviolet divergence (quadratic and logarithmic) and requires a regularization, e.g. cut-off regularization or dimensional regularization. From Eq. (2.8), the Klein-Gordon equation for the quantum field δχ is written by
(2.14)
Here, we use the adiabatic (WKB) approximation to obtain the mode function. For the lowest-order approximation, the time-dependent mode function is given by
More precisely, we must consider the higher order approximation and include the exact effects of the particle productions for the one-loop effective potential (see Ref. [34] for the details). However, we can simply include such effects by adding the backreaction term of the vacuum filed fluctuations, i.e., δφ . Furthermore, we comment the condition of the adiabatic (WKB) approximation (Ω
. This condition breaks during inflation for the massless scalar field, or in the parametric resonance of the preheating (see, e.g. Ref. [37] ). In these cases, the IR parts at k < aH breaks the WKB approximation and we can expect enormous particle production. However, the UV parts at k > aH are not affected by the cosmological dynamics of the Universe, and the effective potential generally originates from the UV parts, i.e., short wave modes. Therefore, as well as the radiation dominated and the matter dominated eras, we can adopt the adiabatic expansion method for the effective potential in de Sitter space by taking into account the IR backreaction effects (see Ref. [34] for the details). As a consequence, we must add the backreaction term, i.e., renormalized field vacuum fluctuations δφ 2 ren (see Section 3 for the details) to the effective potential in curved space-time. Then, we write the expectation field value as follows
The one-loop contribution to the Higgs effective potential is given by
where we take an ultraviolet cut-off as Λ in order to regularize quadratic or logarithmic divergence. For convenience, we rewrite the classic Higgs field equation as follows
In order to obtain the effective potential, we calculate exactly the integral
In the limit Λ → ∞, we can obtain the following expression
where we introduced the renormalization scale µ and the constant C i = (1/2 − 2 ln 2) depends on the regularization method and the renormalization scheme. Here, we focus on the divergent contribution to the effective potential, which is given by
For convenience, we replace Λ → aΛ, µ/a → µ and the divergent contribution can be written as
We can obviously remove all the divergences (quartic, quadratic and logarithmic) by absorbing the counter-terms as follows:
We obtain the Higgs effective potential in curved space-time as follows:
which is consistent with the results by using the heat kernel method [38, 39] . The effective potential in curved background has been thoroughly investigated in the literatures [18, [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] and there are a variety of ways to derive the effective potential in curved spacetime. Now, we can read off the scale dependence of m 2 , ξ and λ from the Eq. (2.25), and the β functions are given by
Finally, we can rewrite the classical Higgs field equation by using the effective potential in curved space-time as follows:
The effective potential given by Eq. (2.25) does not include the exact particle productions and we must consider the backreaction term from the renormalized field vacuum fluctuations δφ
ren
to improve the effective potential in curved space-time.
Renormalized vacuum fluctuations via adiabatic regularization
The main difficulty with the vacuum instability in de Sitter space comes from the vacuum field fluctuations on the dynamical background. The renormalized vacuum fluctuations δφ 2 ren originate from the dynamical particle production effects, and it corresponds to the local and inhomogeneous Higgs field fluctuations. In this section, we discuss the renormalized vacuum fluctuations δφ 2 ren by using adiabatic regularization. The adiabatic regularization [55] [56] [57] [58] [59] [60] is the extremely powerful method to remove the ultraviolet divergence from the expectation field value δφ 2 and obtain the renormalized finite value, which has physical contribution. For convenience, we write the equation of the field δχ for conformal time coordinate η given by
2 ). More precisely, the self-coupling term 3λφ
2 includes the backreaction effect, i.e., 3λφ
where we shift the Higgs field
. Therefore, the vacuum field fluctuations on the dynamical background become complicated and intricate in contrast with static space-time. For simplicity, we neglect the self-coupling term 3λφ 2 in Section 3 and Section 4. The Wronskian condition is given as
which ensures the canonical commutation relations for the field operator δχ below
The adiabatic vacuum |0 A is the vacuum state which is annihilated by all the operators a k and defined by choosing χ k (η) to be a positive-frequency WKB mode. The adiabatic (WKB) approximation to the time-dependent mode function is written by
We can obtain the WKB solution by solving Eq. (3.6) with an iterative procedure and the lowest-order WKB solution W 0 k is given by
The first-order WKB solution W 1 k is given by
For the high-order with the nearly conformal case ξ 1/6, we can obtain the following expression
where D = C /C. The vacuum expectation values δφ 2 ad by using the adiabatic vacuum sate |0 A can be written by
The adiabatic regularization is not the method of regularizing divergent integrals as cut-off regularization or dimensional regularization. Thus, Eq. (3.10) includes the divergences which need to be removed by these regularization. However, the divergences in the exact expression δφ 2 , which come from the large k modes, are the same as the divergences in the adiabatic expression δφ 2 ad
. Thus, we can remove the divergences by subtracting the adiabatic expression δφ 2 ad from the original expression δφ 2 as follows:
This method has been shown to be equivalent to the point-splitting regularization [61, 62] , which has been used in a large number of space-time background.
Massless minimally coupled cases
In this subsection, we discuss the vacuum expectation values in the massless minimally coupled case (m = 0 and ξ = 0). In the massless minimally coupling case, the power spectrum on super-horizon scales is given by
2 originates from the facts that the inflationary quantum field fluctuations are constant on super-horizon scales. If we take aH as the UV cut-off and H as the IR cut-off, the vacuum expectation values δφ 2 are simply given by
Here, we review the renormalization of the vacuum expectation values δφ 2 with m = 0 and ξ = 0 by using the adiabatic regularization, where we use the result of Ref. [59, 60] , and show that Eq. (3.14) is consistent with the results via the adiabatic regularization.
In this case, the mode function δχ k (η) can be exactly given by
In the massless minimally coupled case, the vacuum expectation values δφ 2 have not only ultraviolet divergences but also infrared divergences. To avoid the infrared divergences, we assume that the Universe changes over from the radiation-dominated phase to the de Sitter phase as the following
where η 0 = −1/H and, during the radiation-dominated Universe (η < η 0 ), we choose the mode function
which is in-vacuum state. Requiring the matching conditions δχ k (η) and δχ k (η) at η = η 0 , we can obtain the coefficients of the mode function
For small k modes in the de Sitter Universe (η > η 0 ), we have
Therefore, we obviously have no infrared divergences because of
For large k modes, we can obtain the mode function
Here, we consider the following adiabatic (WKB) solution
We can obtain 1
The condition of the adiabatic (WKB) approximation, i.e., Ω
as the cut-off of k mode. Therefore, Eq. (3.12) can be given as follows:
For large k modes, we can subtract the ultraviolet divergences as
Furthermore, we can eliminate the following divergences
Therefore, we can obtain the following expression
At the late cosmic-time (η 0 that is N tot = Ht 1), we have the following approximation
which coincides with Eq. (3.14) via the physical cut-off.
Massive non-minimally coupled cases
In this subsection, we consider the massive non-minimally coupled case (m = 0 and ξ = 0). At first, we discuss the renormalized vacuum fluctuations for m H. 1 In m H case, the power spectrum on super-horizon scales can be written as 33) where ν = 9/4 − m 2 /H 2 . If we take aH as the UV cut-off and H as the IR cut-off, the vacuum expectation values δφ 2 can be given by
Here, we briefly discuss the renormalized vacuum fluctuations δφ
ren
for m H by using the adiabatic regularization. The UV parts can be eliminated by using the adiabatic regularization, i.e., the following integral of Eq. (3.12) can converge
where we take the mode function corresponding to the exact Bunch-Davies vacuum state given by
1 In de Sitter space, the scalar curvature becomes R = 12H 2 , and therefore the non-minimal coupling ξ provides the effective mass-term m 2 = 12H 2 ξ.
with H (1) ν is the Hankel function of the first kind. By discarding the convergent terms, whose orders are O(m 2 ), we can obtain the following expression
as well as the massless minimally coupled case. At the late-time limit (η 0 or Ht 1), the first integral converges to zero (see Ref. [59, 60] for the details) and obtain the following approximation
which coincides with Eq. (3.34) by using the physical cut-off. Then, we briefly discuss the renormalized vacuum fluctuations δφ
for m H by using the adiabatic regularization. In this case, the power spectrum on superhorizon scales is approximately given by [63] 
(3.39)
For the very massive case m H, the amplitude of the power spectrum is suppressed and the spectrum on long wave modes rapidly drops down. Therefore, the massive field vacuum fluctuations are more inhomogeneous fluctuations and then, break the scale invariance of the spectrum of perturbations. In this case, we must pay attention to the UV cut-off. For the very massive case m H, the adiabatic conditions Ω 2 k > 0 satisfy for all k modes and we can estimate the renormalized vacuum fluctuations by eliminating the lowest-order adiabatic (WKB) approximation
By using Eq. (3.9), we can simply estimate the dominated terms as follows:
(3.42)
Renormalized vacuum fluctuations via point-splitting regularization
The point-splitting regularization is the method of regularizing divergences as the point separation in the two-point function, and has been studied in detail in Ref. [30, 64, 65] . In this section, we review the renormalized vacuum fluctuations by using the point-splitting regularization, and compare the results in the previous section. The regularized vacuum expectation values are expressed as [30] δφ 2 reg
where we take Bunch-Davies vacuum state, is the regularization parameter which corresponds with the point separation, µ is the renormalization scale, γ is Euler's constant and ψ (z) = Γ (z) / Γ (z) is the digamma function. By using m 2 and ξ renormalization, we have the following expression
where the additive constant ψ ± ν has been chosen so that δφ 2 ren = 0 at the radiation-dominated Universe R = 0. In the massive field theory, we can remove simply the renormalization scale µ to set µ 2 = 12m
In the massless and nearly conformal coupling case m = 0 and ξ 1/6, we cannot remove the renormalization scale µ and ψ 3 2 ± ν may be absorbed by the non-minimal coupling renormalization
In the massless conformal coupling case m = 0 and ξ = 1/6, we can simply obtain the following expression
(4.5)
In the minimal coupling case ξ = 0 and we take massless limit m → 0
2 This is equal to the thermal fluctuations δφ 2 ren = T 2 /12 with the Gibbons-Hawking temperature T = H/2π experienced by a point observer inside the de Sitter horizon (see, e.g. Ref. [66, 67] ).
which corresponds with Eq. (3.38) . Then, the digamma function ψ (z) for z 1 can be approximated as [65] Re ψ 3 2 + iz = log z + 11
In the massive case m H,
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Therefore, the renormalized vacuum fluctuations of the massive Higgs field for m H is given as follows:
which is consistent with Eq. (4.12). Therefore, the renormalized vacuum fluctuations δφ via the adiabatic regularization and the point-splitting regularization as follows:
(m H) (4.12)
Electroweak vacuum instability from dynamical behavior of homogeneous Higgs field and renormalized Higgs vacuum fluctuations
In this section, we apply the results of Section 2, Section 3 and Section 4 to the investigation of the electroweak vacuum instability during inflation (de Sitter space) or after inflation. The vacuum instability of the electroweak false vacuum on the dynamical background is determined by the behavior of the homogeneous Higgs field φ and the inhomogeneous Higgs field fluctuations, i.e., the renormalized vacuum fluctuations δφ 2 ren
. The behavior of the global and homogeneous Higgs field φ is governed by the effective Klein-Gordon equation
We can rewrite the effective Klein-Gordon equation as the following
If we approximate the effective potential as V eff (φ) = −m 2 eff φ, the behavior of the coherent Higgs field φ (t) is described as follows: (m eff H) .
( 5.3)
The one-loop standard model Higgs effective potential V eff (φ) of curved spacetime [18] in the 't Hooft-Landau gauge and the MS scheme, is given as follows:
The coefficients n i , κ i , κ i and θ i are given by Table I of Ref. [18] . Furthermore, the β-function for the non-minimal coupling ξ (µ) in the standard model ignoring gravity, is given by
The running of the non-minimal coupling ξ (µ) can be obtained by integrating β ξ
where F (µ) depend on the renormalization scale µ. If we have the nearly minimal coupling ξ EW O (10 −2 ) at the electroweak scale, the running non-minimal coupling ξ (µ) becomes negative at some scale [18] . On the other hand, we can take the initial condition of the running non-minimal coupling ξ (µ) at the Planck scale [24] . If the Hubble scale is larger than the instability scale 3 i.e., H > Λ I and ξ (H) < 0, the Higgs effective potential in de Sitter space becomes negative, i.e., V eff (φ) 0, and the homogeneous Higgs field φ on the entire Universe rolls down to the negative-energy Planck-scale true vacuum.
However, as mentioned in Section 2, we must shift the Higgs field φ 2 → φ 2 + δφ 2 ren in order to include the backreaction term via the renormalized vacuum fluctuations and the one-loop standard model Higgs effective potential in curved space-time is modified as follows:
Here, we must choose the appropriate scale µ in order to suppress the higher order corrections of log M 2 i (φ)/µ 2 . In the case of flat spacetime R = 0, it is known that µ 2 = φ 2 is a good choice to suppress the high order log-corrections. In de Sitter space, however, we must choose
to suppress the log-corrections. Therefore, if we have µ 12H 2 + δφ 2 ren 1/2 > Λ I , the quartic term λ(µ)φ 4 /4 makes negative contribution to the effective potential. The Higgs field phenomenologically acquires various effective masses during inflation or after inflation, e.g. the inflaton-Higgs coupling λ φS provides an extra contribution to the Higgs mass m 2 eff = λ φS S 2 where S is the inflaton field. However, in this work, we restrict our attention to the simple case that the Higgs field only couples to the gravity via the non-minimal Higgs-gravity coupling ξ(µ) and we disregard other inflationary effective mass-terms. For convenience, we only consider the inflationary effective mass-term m 
Here, if we have µ 12H 2 inf + δφ 2 ren 1/2 > Λ I 4 , we can infer the sign of V eff (φ) by using the relations ξ(µ)R < λ(µ) δφ
2 ξ(µ) and λ(µ) −0.01, we obtain the constraint on the non-minimal coupling ξ(µ) O (10 −3 ) where H inf > 32π 2 ξ (µ) Λ I . In this case, the homogeneous Higgs field φ goes out to the negative Planck-energy vacuum state, and therefore, the excursion of the homogeneous Higgs field φ to the Planck-scale true vacuum can terminate inflation and cause an immediate collapse of the Universe.
On the other hand, the inhomogeneous Higgs field fluctuations δφ 2 ren
can cause the vacuum transition of the Universe [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . If the inhomogeneous and local Higgs 4 In the case 12H field gets over the hill of the effective potential, the local Higgs fields classically roll down into the negative Planck-energy true vacuum and catastrophic Anti-de Sitter (AdS) domains are formed. Note that not all AdS domains formed during inflation threaten the existence of the Universe [22, 24] , which highly depends on the evolution of the AdS domains at the end of inflation (see Ref. [24] for the details). The AdS domains can either shrink or expand, eating other regions of the electroweak vacuum. Although the high-scale inflation can generate more expanding AdS domains than shrinking domains during inflation, such domains never overcome the inflationary expansion of the Universe, i.e., one AdS domain cannot terminate the inflation of the Universe 5 . However, after inflation, some AdS domains expand and consume the entire Universe. Therefore, the existence of AdS domains on our Universe is catastrophic, and so we focus on the conditions not to be generated during or after inflation.
We assume that the probability distribution function of the Higgs field fluctuations is Gaussian, i.e. By using Eq. (5.11), the probability that the electroweak vacuum survives can be obtained as 5 The expansion of AdS domains or bubbles never takes over the expansion of the inflationary dS space [24] , and therefore, it is impossible that one AdS domain terminates the inflation of the Universe. However, if the non-inflating domains or the AdS domains dominates all the space of the Universe [69] , the inflating space would crack, and the inflation of all the space of the Universe finally comes to an end. 6 The Higgs effective potential with the large effective mass-term can be approximated by
where φ max is given by
Our approximation φ max 10 m eff is numerically valid for the one-loop effective potential.
On the other hand, the probability that the inhomogeneous Higgs field falls into the true vacuum can be expressed as The vacuum decay probability is given by
where e 3N hor corresponds to the physical volume of our universe at the end of the inflation, and we take the e-folding number N hor N CMB 60. Imposing Eq. (5.15) on the condition shown in (5.16), we obtain the relation
Now, we consider the condition shown in (5.17) by using the Higgs effective potential in de-Sitter space-time given by Eq. (5.8) and the Higgs field vacuum fluctuations by Eq. (4.12). In the same way as our previous work [25] , we can numerically obtain the constraint of the non-minimal coupling ξ(µ) O (10 −2 ) where H inf > 32π 2 ξ (µ) Λ I . Therefore, the catastrophic Anti-de Sitter (AdS) domains or bubbles from the highscale inflation can be avoided if the relatively large non-minimal Higgs-gravity coupling (or e.g. inflaton-Higgs coupling λ φS ) is introduced. Here, we summarize the conclusions obtained in this section as follows:
O (10 −3 ) and H inf > 32π 2 ξ (µ) Λ I , the Higgs effective potential during inflation is destabilized by the backreaction term λ(µ) δφ 2 ren , which overcome the stabilization term ξ(µ)R. In this case, the effective potential becomes negative, i.e. V eff (φ) 0, the excursion of the homogeneous Higgs field φ to the negative Planck-energy vacuum state terminates the inflation of the Universe and cause a catastrophic collapse.
• In O (10 generate the catastrophic Anti-de Sitter (AdS) domains or bubbles, which finally cause the vacuum transition of the Universe.
• In ξ(µ) O (10 −2 ) or H inf < 32π 2 ξ (µ) Λ I , the Higgs effective potential stabilizes and the catastrophic Anti-de Sitter (AdS) domains or bubbles are not formed during inflation. However, after inflation, the effective mass-terms ξ(µ)R via the non-minimal Higgs-gravity coupling drops rapidly and sometimes become negative. Therefore, the effect of the stabilization via ξ(µ)R disappears and the Higgs effective potential becomes rather unstable due to the terms of λ(µ) δφ 2 ren or ξ(µ)R with µ R + δφ 2 ren 1/2 > Λ I . Furthermore, the non-minimal Higgs-gravity coupling can generate the large Higgs field vacuum fluctuations via tachyonic resonance [25, 70, 71] , thus, the Higgs effective potential is destabilized, or the catastrophic Anti-de Sitter (AdS) domains or bubbles are formed during subsequent preheating stage. In the rest of this section, we briefly discuss the instability of the electroweak false vacuum after inflation. Just after inflation, the inflaton field S begins coherently oscillating near the minimum of the inflaton potential V inf (S) and produces extremely a huge amount of massive bosons via the parametric or the tachyonic resonance. This temporal nonthermal stage is called preheating [37] , and is essentially different from the subsequent stages of the reheating and the thermalization. For simplicity, we approximate the inflaton potential as the quadratic form
In this case, the inflaton field S classically oscillates as 19) where the reduced Planck mass is M pl = 2.4 × 10 18 GeV. If the inflaton field S dominates the energy density and the pressure of the Universe, i.e., during inflation or preheating stage, the scalar curvature R(t) is written by
When the inflaton field S oscillates as Eq. (5.19), the effective mass ξ(µ)R drastically changes between positive and negative values. Therefore, the Higgs field vacuum fluctuations grows extremely rapidly via the tachyonic resonance, which is called geometric preheating [72, 73] . The general equation for k modes of the Higgs field during preheating is given as follows:
Eq. (5.22) can be reduced to the following Mathieu equation
where we take z = m S t and A k and q are given as where we take the e-folding number N hor = 60. Therefore, if we have φ (t) > φ max i.e., H end /m S (log 3ξ (µ))/ξ (µ), the coherent Higgs field φ (t) on such domain goes out to the negative Planck-vacuum state and forms the catastrophic AdS domains or bubbles, which finally cause the vacuum transition of the Universe. That conclusion depends strongly on the non-minimal coupling ξ(µ), the oscillation time-scale t 1/m S and the Hubble scale H end at the end of the inflation. Thus, the large non-minimal Higgs-gravity coupling ξ(µ) can destabilize the behavior of the coherent Higgs field after the end of the inflation. However, if the curvature oscillation is very fast, the curvature mass-term ξ(µ)R (t) cannot generate the exponential growth of the coherent Higgs field φ (t) after inflation.
After inflation, the inflaton field S oscillates and produces a huge amount of elementary particles. These particles produced during preheating stage interact with each other and eventually form a thermal plasma. We comment that thermal effects during reheating stage raise the effective Higgs potential via the extra effective mass m 7 By using φ max 10m eff , we can simply approximate φ max 10 ξ(µ) |R (t)| 10H end 3ξ(µ)
or Planck-scale new physics [80] [81] [82] [83] [84] etc. In any case, however, the electroweak vacuum instability from inflation gives tight constraints on the beyond the standard model.
Conclusion
In this work, we have investigated the electroweak vacuum instability during or after inflation. In the inflationary Universe, i.e., de Sitter space, the vacuum field fluctuations δφ 2 enlarge in proportion to the Hubble scale H 2 . Therefore, the large inflationary vacuum fluctuations of the Higgs field δφ 2 is potentially catastrophic to trigger the vacuum decay to a negative-energy Planck-scale vacuum state and cause an immediate collapse of the Universe. However, the vacuum field fluctuations δφ 2 , i.e., the vacuum expectation values have a ultraviolet divergence, which is a well-known fact in quantum field theory, and therefore a renormalization is necessary to estimate the physical effects of the vacuum transition. Thus, we have revisited the electroweak vacuum instability during or after inflation from the legitimate perspective of QFT in curved space-time. We have discussed dynamics of homogeneous Higgs field φ determined by the effective potential V eff (φ) in curved space-time and the renormalized vacuum fluctuations δφ 2 ren by using adiabatic regularization and point-splitting regularization, where we assumed the simple scenario that the Higgs field only couples the gravity via the non-minimal Higgs-gravity coupling ξ(µ). In this scenario, we conclude that the Hubble scale must be smaller than H < Λ I , or the Higgs effective potential in curved space-time is stabilized below the Planck scale by a new physics beyond the standard model. Otherwise, our electroweak vacuum is inevitably threatened by the catastrophic behavior of the homogeneous Higgs field φ or the formations of AdS domains or bubbles during or after inflation.
